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Using general symmetry arguments and model calculations we analyze the superconducting gap in materials
with multiple Fermi-surface pockets, with applications to iron pnictides. We show that the gap in the pnictides
has an extended s-wave symmetry but is either nodeless or has nodes, depending on the interplay between
intraband and interband interactions. We argue that the nodes in the gap emerge without a phase transition as
the tendency toward a spin-density-wave order gets weaker. These findings provide a way to reconcile seem-
ingly conflicting results of numerical and experimental studies of the pnictides.
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I. INTRODUCTION

The structure of the superconducting order parameter is
directly connected with interactions that produce the super-
conducting �SC� pairing. In conventional superconductors
electron-phonon attraction leads to a fully gapped state.
Electron-electron interactions are generally required to pro-
duce the gaps with the nodes, and the nodes were often in-
terpreted as evidence for non-s-wave symmetry of the SC
order parameter.

The symmetry and the structure of the SC gap are most
controversial topics in the rapidly growing field of iron-
based pnictide superconductors. Electronic band configura-
tion of the pnictides assumes two hole pockets centered at
the � point, q= �0,0�, and two electron pockets centered at
�0,�� and �� ,0� in the unfolded Brillouin zone �BZ� to
which we will refer in this Rapid Communication �Fig. 1�a��.
Multiple Fermi surfaces �FSs� create a number of different
possibilities for the gap structures.1,2 Some numerical studies
of itinerant3–6 and localized7 models predict nodeless gaps of
different signs along the hole and electron FSs �an extended
s� state1�, while other studies predict an s� state with nodes
on electron FSs at smaller dopings and a dx2−y2 state with
nodes on hole FSs at larger dopings8 or a dxy-type state9 with
nodes on both hole and electron FSs. Experimental situation
is also controversial: angular resolved photoemission spec-
troscopy �ARPES�,10 thermal conductivity,11 and penetration
depth data12,13 on near-optimally electron or hole-doped
FeAs materials can be explained assuming a nodeless s� gap
and interpocket impurity scattering,14–16 while penetration
depth and thermal conductivity measurements on FeP-based
LaOFeP �Refs. 17 and 18� and BaFe2�As1−xPx�2 �Ref. 19�
unambiguously point on the presence of the nodes of the SC
gap.

In this Rapid Communication, we show that both nodal
and nodeless s� gaps and a d-wave gap emerge within the
same pairing scenario, depending on the interplay between
intrapocket repulsion and interpocket pairing interactions the
most relevant of which is the pair hopping between hole and
electron FSs. Our key results are the following: if the pair
hopping is stronger, the system develops an s� gap without
nodes. If the intrapocket repulsion is stronger, the system still
develops an s� gap but with nodes on the electron FSs, what
allows the system to partly eliminate the effect of intrapocket

repulsion. The same interaction that leads to s� state with
nodes also yields an attraction in dx2−y2 channel, which would
give rise to a gap with the nodes along the hole FSs. We
found, however, that, as long as pockets are small, s� re-
mains the primary instability although dx2−y2 instability is a
close second. At very large intrapocket repulsions, we found
that the gap symmetry may change to dxy because for such
gap intrapocket repulsion completely disappears from the
gap equation.

We argue below that the pair hopping is generally smaller
than the intrapocket repulsion but is boosted by SDW fluc-
tuations in systems where at zero doping the strongest insta-
bility is toward a nesting-driven SDW-type magnetism, and
SC emerges when magnetism is destroyed by doping. In
these systems, at low enough energies, pair hopping exceeds
the intrapocket repulsion, and the s� gap has no nodes. If the
tendency toward SDW order is weaker at x=0, interpocket
repulsion remains the largest down to the lowest energies,
and the system develops an s� gap with the nodes along
electron FSs. We argue that the first case applies to near-
optimally doped FeAs-based materials, while the second
case applies to FeP-based and overdoped FeAs systems.
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FIG. 1. �Color online� �a� Hole �center� and electron �edges� FSs
in the unfolded BZ and interactions u4 �intraband repulsion�, u3

�pair hopping between hole and electron bands� and ve �pair hop-
ping between electron bands�. The s� SC gap may have nodes
along the dashed lines near the electron FS. �b� The folded BZ.
Each corner now hosts two electron FSs with gaps �e1,2��̃�. �c�
Schematic RG flow for u4 and the momentum-independent part of
u3�q−q�� up to energies �EF �for ve=0�. If renormalized u3�u4

�line B�, the pairing occurs even if u3�q−q��=const, while for
u3�u4 �line A� the pairing is induced by the momentum-dependent
part of u3�q−q��, and �e��� has nodes.
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II. PAIRING GLUE

Electron-phonon interaction is weak in Fe-pnictides20 and
the pairing is most likely due to the electron-electron inter-
action. The underlying electronic model for the pnictides in-
volves Hubbard and exchange interactions between different
Fe orbitals. In the “band description” which we will use, this
model describes interacting fermions located near two hole
FSs near �0,0� and two electron FSs near �0,�� and �� ,0�
�the four-band model�. The interactions relevant to the pair-
ing are the Hubbard repulsion within hole and electron pock-
ets, the hopping of electron pairs between hole and electron
pockets, and the hopping of electron pairs between the two
electron pockets and between the two hole pockets. For con-
sistency with earlier works,5 we label these interactions as
u4�q−q��, u3�q−q��, and ve�q−q�� and vh�q−q��, respec-
tively, see Fig. 1�a�. For simplicity we neglect the pair hop-
ping vh between the two hole pockets—for an s� state its
effect is the same as of u4. An angle-independent u3 gives
rise to a nodeless s� state with the sign change of the gap
between hole and electron FSs, however such state is only
possible when u3 is larger than u4 and ve terms which are
both repulsive for s� pairing �see below�.

The bare value of u4 derived from the underlying orbital
model exceeds u3 and ve �Ref. 5�. A simple reasoning for s�

gap then does not work. Earlier, several groups considered
the case ve=0 and argued4,5,21–23 that the difference u4−u3
may reverse sign and become negative �attractive� under the
renormalization-group �RG� flow of the couplings from their
bare values at the scale of the bandwidth W to the renormal-
ized values at energies of order of Fermi energy EF, which
are actually relevant to the pairing. The reason for the sign
change of u4−u3 is the boost given to u3 from the coupling to
density-density interaction which determines the tendency
toward a spin-density-wave �SDW� order.5,22 When this ten-
dency is strong, u3 gets pushed up and overshoots u4 be-
tween W and EF, and the system develops an s� gap without
nodes. The same trend holds when ve�0.23

New physics emerges when the tendency toward SDW is
weaker, and the coupling in the s� channel remains repulsive
down to energies of order EF. We show below that in this
situation the system still develops an s� pairing instability,
this time due to momentum-dependent part of the pair-
hopping term. This instability leads to an s� gap with nodes
on the two electron FS and occurs in the clean limit even at
an arbitrary weak pair hopping. The reason why the pairing
occurs despite strong repulsion is quite generic and is related
to the fact that the gap that oscillates along the electron FS is
insensitive to the intrapocket repulsion u4.8 The gap on the
hole FS is still affected by u4, but it turns out that the elimi-
nation of the repulsion from the electron FS is a sufficient
condition for the SC instability, still driven by the pair-
hopping term between electron and hole FSs.

III. GAP EQUATION

We label fermions near different FSs as f1,2 �hole� and c1,2
�electron� and label the gaps as �h�q� and �e�q�. The gaps
along the two electron FSs transform into each other under
rotations by � /2�x→y� and reflections. For simplicity, we

consider the case when the gaps �h�q� on the two hole
FSs are equal, the extension to the case of nonequal
gaps is straightforward. The pairing interactions are
�i=1,2u4�q−q���ci,q

† ci,−q
† ci,q�ci,−q�+ f i,q

† f i,−q
† f i,q�f i,−q�� �intra-

pocket�, �i,j=1,2u3�q−q��ci,q
† ci−q

† f j,q�f j,−q�+H.c. �between hole
and electron pockets�, and �i�jve�q−q��f i,q

† f i−q
† f j,q�f j,−q�

+H.c. �between the two electron pockets�, where in all cases
q and q� are on the FSs �we omit spin indices and consider a
singlet pairing�. The angle dependences of the interactions
are strong because of strong variation in the weighting of
different orbital harmonics along the FSs �Ref. 24� and in
general no regular expansion is possible. However, when
hole and electron pockets are small, as in pnictides, the angle
variation can be cast in the expansion in powers of kF

2 	1
�we set interatomic distance to one�. Functions u3�q−q��,
u4�q−q��, and ve�q−q�� have projections onto one-
dimensional �1D� A1g �s-wave�, B1g, and B2g �d-wave�, and
two-dimensional �2D� E �p-wave� representations. We focus
on 1D representations, where attraction is possible. Without
loss of generality, we can set u4�q−q�� and ve�q−q�� to be
constants u4 and ve and include the angle dependence from
u3. We have

u3�q − q�� = u3 + 2ū3�cos�qx − qx�� + cos�qy − qy���

= u3 + ū3��cos qx + cos qy��cos qx� + cos qy��

+ �cos qx − cos qy��cos qx� − cos qy��� + ¯ ,

�1�

where dots stand for 2D representations and 1D
terms whose contributions to the pairing are smaller in
kF

2 . To the same approximation, u3
A1g �u3+�2ũ3 cos 2� and

u3
B1g =�2ũ3 cos 2�, where ũ3= ū3kF

2 / �2�2�.25

We assume that the couplings are already renormalized by
fermions with energies between W and EF and consider the
system behavior below EF when the pairing and SDW
channels are decoupled, and the SC can be treated within the
BCS approximation. The set of the coupled BCS equations
for �h�q� and �e�q� is obtained in the standard manner.
Consider first A1g channel. On the hole FSs �h�q�	�h
is approximately constant while on electron FSs

�e�q�=�e+ �̄e�cos qx+cos qy���e+ �̃e
�2 cos 2� with �̃e

=kF
2�̄e /2�2. The coupled linearized equations for three gaps

�h, �e, and �̃e are �we take all FSs as cylindrical�

�h = − u4L�h − u3L�e − ũ3L�̃e, �2a�

�e = − u4L�e − u3L�h − veL�e, �2b�

�̃e = − ũ3L�h + veL�̃e, �2c�

where L=ln�
 /Tc� and 
�EF is the upper energy cutoff.
From Eqs. �2� we obtain the equation for the critical tem-
perature Tc in the form


�1 + u4L��1 + �u4 + ve�L� − u3
2L2��1 − veL�

= ũ3
2L2�1 + �u4 + ve�L� . �3�

It is invariant with respect to sign change of ũ3 and u3.

CHUBUKOV, VAVILOV, AND VORONTSOV PHYSICAL REVIEW B 80, 140515�R� �2009�

RAPID COMMUNICATIONS

140515-2



The gap that emerges at Tc has generally nonzero �h, �e,

and �̃e. Their ratios are

�̃e

�e
=

ũ3

u3

1 + �u4 + ve�L
1 − veL

,
�e

�h
= −

u3L

1 + �u4 + ve�L
, �4�

where L is a solution of Eq. �3�. Note that �e and �h have

opposite signs if u3�0. When the ratio �̃e /�e�1 /�2, the s�

state has no nodes, otherwise there are nodes on the electron
FS.

For ũ3=0, Eq. �3� has two solutions: one at L=L0

=1 / ��u3
2+ve

2 /4−u4−ve /2� yields a nodeless s� gap with

�e=−�h and �̃e=0, another L=L1=1 /ve is entirely due to ve
and yields the gap which vanishes along the hole FS and
oscillates as cos 2� along the electron FSs. The second so-
lution is inconsistent with ARPES which clearly shows that
the gap along hole FSs is nonzero and we therefore focus on
the first solution and its evolution with ũ3. Such solution
exists only if u3

2�u4�u4+ve� and is impossible without RG
flow as at the bare level u4 is the largest coupling.

We now consider what is the fate of the solution

�e=−�h , �̃e=0 when the momentum-dependent part of the
interaction ũ3�0. Equation �3� at ũ3�0 is a cubic equation
in L, and we analyzed it for arbitrary values of parameters.
We found that ve sets the lower cutoff at L=1 /ve for the
solution with the nodes �see below�, while the physics can be
fully captured without ve. To simplify the presentation, we
then set ve=0, introduce �= ũ3 /u3 and �=u4 /u3 and obtain
the full phase diagram in variables � and � �see Fig. 2�.

For ��1, Tc is finite already at �=0 and gradually in-

creases with � together with the oscillating component �̃e.
The nodes on the electron FS appear above some
critical �cr���, see Fig. 2 ��cr��	1��1 /�2−� /�3 and
�cr���1���8 /9�1−���.

For �1, we found different behavior: superconductivity
develops discontinuously for ��0. Indeed, the right-hand
side �rhs� of Eq. �3� scales as u3

2��2−1�L2 at L�1, while the

left-hand side �lhs� scales as u3
3��2L3, i.e., it has higher

power of L Comparing the two, we find L= ��2−1� / �u3�2��,
i.e., Tc=
 exp�−��2−1� / �u3��2��. The oscillating compo-

nent of the gap �̃e now dominates and exceeds both �h and
�e by 1 /�. The physical reason why Tc is nonzero despite

strong intrapocket repulsion is the absence of the u4�̃e term

in Eq. �2c� because the angular integral of �̃e��� vanishes. In
other words, oscillations of the gap along the electron FS
allow the system to develop SC order in spite of a strong
intrapocket repulsion.

The important feature of the phase diagram is the quali-
tative change in the system behavior near ��1 and

at �	1. In this region �̃e /�e= ��2�2+ �1−��2+ ��−1�� /� is
nearly discontinuous, evolving from O��� at ��1 to �2 at
�=1, and to O�1 /�� at ��1, i.e., the gap rapidly changes its
form and develops the nodes.

On a more careful look, we find two sub-regimes for
��1, when the gap has nodes. One is the regime of small �,
where the gap is fully adjusted to minimize the effect of

repulsive u4. In this regime, �̃e��e ,�h �a nonzero ve makes
the gap even more anisotropic�. The other is the regime of

large �, where the ratio �̃e /�e is again large, but now be-
cause ũ3 becomes the dominant interaction. In between,

�̃e /�e passes through minimum, at �=�min���. Near �=1,
�min������−1, while for large �, �min������3 /2��.

For ve�0, the phase diagram is the same as in Fig. 2, but
the boundary of the nodeless phase shrinks to smaller �, the
crossover near the critical � becomes more smooth, and the
value of Tc in the region where the gap has nodes is larger. In
particular, when ve�u3 and �=O�1�, Tc in the regions where
the gap has nodes and has no nodes are quite comparable.

Consider next B1g pairing. Now �e�q�= ��e with the
sign change between the two electron FSs, while �h�q�
= �̄h�cos qx−cos qy�� �̃h

�2 cos 2� with �̃h=kF
2�̄h /2�2. The

equations for �e and �̃h become

�̃h = − ũ3L�e, �e = − ũ3L�̃h − �u4 − ve�L�e, �5�

and Tc is given by 1+ �u4−ve�L= ũ3
2L2, where, as before,

L=ln 
 /Tc. Again, the solution exists only if ve�u4 when
ũ3=0, but once ũ3�0 it survives even for arbitrary strong u4

repulsion. We compared Tc
s�

and Tc
dx2−y2

and found that for all

values of parameters Tc
s�

is larger although dx2−y2 pairing is
close second.

We also analyzed dxy pairing, by expanding the interac-
tion to next order �kF

4�. The dxy gap ��q��sin qx sin qy has
nodes along both hole and electron FSs and is advantageous
at large u4 because u4 completely disappears from the gap
equation. We found that, for ve=0, Tc

B2g has the same depen-
dence on kF as Tc for A1g case �L�1 /kF

4� and becomes larger
than Tc

A1g for large �. However, for ve�0, s� pairing wins
for all u4 because ve sets a finite lower edge for Tc for an s�

gap and acts as a repulsive interaction for dxy gap.

IV. ROLE OF IMPURITIES

The plus-minus s� SC state at ��1 and �	1 is sup-
pressed by interpocket impurity scattering �� �Refs. 5, 14,
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FIG. 2. �Color online�. The phase diagram in dimensionless
variables �=u4 /u3 and �= ũ3 /u3 �we set ve=0�. The nodeless s�

state exists in the lower left corner below the line �cr���, when
intraband repulsion u4 and momentum-dependent interband hop-
ping ũ3 are small. Dashed lines show the contours of fixed ratio

�̃e /�e=�2,2 ,3 ,4 ,5. The narrow solid line shows the position of a

minimum of �̃e /�e in the region where the gap has nodes. Below
this line, the gap develops nodes primarily to reduce the effect of
intrapocket repulsion.
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and 16� but is not sensitive to a much stronger intrapocket
impurity scattering �0. We now show that �0 is pair breaking
at ��1 when superconductivity develops via ũ3. To evaluate
the effect of �0 on Tc, we derived the self-consistency equa-
tions within the Born approximation. For ve=0, the equation
for Tc��0� becomes

�1 + u4L�2 − u3
2L2 = ũ3

2�1 + u4L�LL��0� , �6�

where

L��0� = ln



Tc��0�
+ ��1

2
 − ��1

2
+

�0

2�Tc��0� , �7�

where ��x� is the digamma function. Both the lhs and the rhs
of Eq. �6� now scale as L2 at Tc→0 because L��0� tends to
a constant at Tc=0. As a result, the solution of Eq. �6� exists
when ũ3

2 exceeds the threshold set by �0.

V. APPLICATION TO THE PNICTIDES

Electron and hole pockets in the pnictides are rather small
in size, and it is likely that ��EF /W is small. Our analysis
shows that for small �, two situations are possible. When the
tendency to a nesting-driven SDW order is strong enough,
the pair-hopping term u3 gets a boost from SDW fluctuations
and at energies of order EF likely exceeds intrapocket repul-
sion u4, i.e., the system develops an attraction in an s� chan-
nel which, taken alone, leads to s� gap without nodes and
with near-equal magnitudes along hole and electron FSs. In
this situation, the leading instability of an undoped system is
toward an SDW order, and a system becomes a supercon-

ductor only after spin order is destroyed by a finite
doping.22,26 We believe that this scenario works for
underdoped/optimally doped FeAs 1111 and 122 materials in
which SDW fluctuations are well developed. When the ten-
dency toward SDW order is weaker, u4 remains the largest
down to EF, and a nodeless s� gap does not develop. How-
ever, the angle-dependent part of the pair hopping u3 be-
tween hole and electron FSs still gives rise to an s� pairing,
but now s� gap has nodes along electron FSs. Furthermore,
Tc for such state is enhanced by the pair hopping ve between
two electron FSs. This is our scenario for FeP-based LaOFeP
which does not display a SDW order and for
BaFe2�As1−xPx�2 in which SDW order disappears without
doping. We conjecture that the same scenario �leading to the
nodes in the gap� should also be valid for overdoped FeAs
1111 and 122 materials.

Note added: Recently, a functional RG study has been
reported �Ref. 27�, in which the angle-dependent part of the
pair hopping has been included. The authors found an ex-
tended s-wave gap with nodes in exactly the same parameter
range as in our analytical work.
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